Residuals in matrix form

e _ Y - X3
- 1-25 1] | 260
3 — 30 3 3051
2—161 | = | 2 | — | 161
7 — 4 7 451
_6—551_ 6 _551_
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Sum of squared residuals
(Y - X B)

(Y - XPp)

[ 1-281 3-381 2—181 7—481 6—55 ]

1x5

This matrix product yields a 1x1 matrix whose only
element equals the sum of squared deviations. The prime
symbol (which looks like an apostrophe) means that the
matrix is transposed (i.e. the columns are changed to
rows).

5

120
3 — 301
2 — 15
7 — 45

656

5x1

(Y = BX) (Y = BX) = > (y; — Brai)°

1=1

matrix version non-matrix version
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Log—likelihood

log L = o 22 1:82

non-matrix
using matrices

log L = 12 (Y — BX) (Y — BX)

20
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Estimating the slope

o= sz?

non-matrix

using matrices

B=(XX)" (X'Y)
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Adding the intercept

The model just presented was this:
Y =5, X

Ordinarily, regressions also include an
intercept term, Bo (which is the predicted
value of Y when X = 0):

Y =00+ 061X
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Matrix representation with

iIntercept
Y = X B + e
1] ) 2 | €1 | - Bo+ 261+ e
3 3 3 €2 Bo + 351 + €
2 | = 1 { ﬁo } + | €3 | = | Bo+ 151 + €3
7 4 ! €4 Bo +451 + €4
6 I 5 €5 - Bo + 901 + €5
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Variance-covariance matrix

log L = —— (Y — XB)' (Y — X

20

I\

variance replaced by
variance-covariance
matrix

| x

log L = =2 (Y - X3) V(Y - XP3)
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Variance matrix and its inverse
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Variance-covariance matrix and
phylogeny

A B C D E

g2 0 0 0 0 |

0 o2 0 0 O

V=| 0 0 ¢ 0 0
0 0 0 o2 0
0 0 0 0 o°

The matrix V corresponds
to a star phylogeny
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Variance-covariance matrix and
Brownian motion on a phylogeny

A B C D E

32 1 0 0
231 0 0
V=c¢?|1 1 3 0 0
0 00 3 25
0 0 0 25 3

Martins and Hansen 1997
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Phylogenetic Generalized Least
Squares (PGLS) Regression

3 — (X/V—lx)—l (X/V—lY)

2x5 BxbH 5x2 2x5 5Hx5 5x1

2x1 2x2 2x1

_ _ 50 iIntercept 5 i 1.7521 _
O=18 |oope P~ | 07055

(for this example)




PGLS Regression

The PGLS regression
(dotted) is less influenced
by A and D than the non-

phylogenetic regression
(solid).

This is because A and B are expected to
be correlated due to their shared history,
and D and E share an even greater
fraction of their history.

Thus, A and B (and D,E) act more like single points
than separate points. C now wields more influence
because of its relative independence.

I [ [ [ [ [ |
0 1 2 3 4 5 6

width
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